Abstract: Holographic bounds have been derived using explicitly gravitational arguments. Motivated by explicit constructions of bulk wavepackets from observables in the boundary CFT, we derive a holographic bound in the context of the gauge/gravity correspondence within the dual field theory. We verify the consistency of the bound with the program of determining the Black Hole S-Matrix from the AdS/CFT correspondence.
Introduction
The physics of black holes provides a unique glimpse into the framework of quantum gravity. In attempting to understand the dynamics of quantum black holes, we encounter profound difficulties and conflicts with our usual Quantum Field Theory intuition. In particular, without some new physical principle, the logic of local Quantum Field Theory in curved spacetime leads to a contradiction-black hole evaporation [1] forces us to sacrifice one (or more) assumptions when considering gravitational systems: locality, unitarity, or a finite number of low energy degrees of freedom 1 . Motivated by the fact that the entropy of a black hole scales as its horizon area (in Planck units), rather than its volume [3] , Bekenstein conjectured a "Holographic Bound" on the number of localized degrees of freedom in a gravitational system [4] . The holographic bound in quantum gravity seems to be analogous to the Heisenberg uncertainty relation in quantum mechanics. Much as the uncertainty relation can be derived from a more fundamental formulation of quantum mechanics, 't Hooft and Susskind have proposed extending the holographic bound to a more general "Holographic Principle"-the number of degrees of freedom of a quantum gravitational system is determined by the area enclosing the system [5, 6] . Such a principle preserves unitarity and seems to be well behaved in the infra-red while apparently subtlely sacrificing locality. Subsequently, the holgraphic bound has been extended with a more covariant formulation [7] , and an excellent review of holographic bounds and evidence in support thereof can be found in [8] .
While general principles are important for formulating theories, without specific examples, it is often difficult to develop physical intuition. It is therefore extremely fortuitous that the AdS/CFT correspondence [9] exists, as it is a specific manifestation of the general principle of holography. Bulk graviational degrees of freedom are described by a non-gravitational theory living on the boundary, which acts as a holographic screen. As such, it should be expected that the usual holographic bounds, derived from bulk gravitational reasoning, should be visible from the boundary, non-gravitational, perspective. While the theory is manifestly holographic and thus satisfies a holographic bound for the spacetime as a whole [10] , it should in principle be possible to place holographic bounds on subregions of the bulk in addition to the spacetime in its entirety. While some progress has been made towards deriving bulk holographic bounds from within the field theory [11] , it is clear that much work remains. As a specific example of such a bulk holographic bound, one should be able to bound the number of degrees of freedom accessible within a single approximately flat AdS region via a purely boundary argument. We provide such an argument and derive a bound on the number of localized degrees of freedom.
In the remainder of the paper, we will motivate and explain our construction for single particle states in section 2, which we will generalize to multi-particle states in section 3, leading to a holographic bound. We will then discuss a specific application and test of this holographic bound to the case of small black holes in the bulk of AdS in section 4. Holographic bounds are often motivated by considering black holes. Here, we wish to reverse this logic, deriving a holographic bound without reference to a specific black hole system, then testing the bound by a comparison to the properties of black holes. Since black holes saturate the usual holographic bound, they provide an ideal testing ground for conjectured new holographic bounds. Finally, we will conclude with some remarks in section 5.
Boundary-Compact Sources and Single Particle States
The states we will consider were introduced for the purpose of using the AdS/CFT correspondence to determine the flat-space gravitational S-Matrix. In particular, as proposed in [12, 13] , we consider wavepackets which remain localized within a single AdS volume and take the large R limit of AdS. Much progress has been made in recent years in this program [14] [15] [16] [17] [18] , and we will take advantage of some of the tools developed in the course of this work.
In the context of scattering localized wavepackets to recover the flat-space SMatrix, it is important that the wavepackets not interact strongly near the boundary of AdS, as such interactions would spoil the isolation of a single, well-localized scattering event [14] [15] [16] 19] . To avoid such near-boundary interactions, it is sufficient to consider boundary sources with non-overlapping compact support. A particular class of such "boundary-compact" sources were introduced in [14] and shown to produce wavepackets approximately localized within a region of spatial size L ≪ R in the bulk of AdS. Such sources have the property that they have compact support on the boundary S d−1 with angular width δθ as well as compact support in time. In general, to have wavepackets which are localized in a region small as compared to the AdS radius, we require
One method to ensure a large separation between the wavepacket localization size L and the AdS size R is to ensure that they scale with different powers of a fiducial scaling parameter, η, as advocated in [12, 14] . In particular, if we choose the scalings
However, for our purposes, this additional separation of scales will not be of particular importance. We will therefore take L = R unless otherwise explicitly noted. There is an important caveat when using boundary-compact wavepackets-the tails are power-law rather than Schwarz [15] , as holds for "regular wavepackets" [20] typically used in rigorous treatments of flat space scattering. Due to the nature of AdS space, any wavepacket created from a spatially compact boundary source will have such power-law tails. While boundary-compact wavepackets are sharply peaked, for masses too far above the Breitenlohner-Freedman bound [21] , there is a danger that the tail wags the dog, where the norm of the state is actually dominated by the tail of the wavepacket.
Multi-Particle States and the Holographic Bound
Consider creating a multi-particle state using non-overlapping boundary-compact wavepackets. From the bulk perspective, it is necessary that the sources be placed in a non-overlapping manner on the boundary S d−1 to avoid large interactions in the near-boundary region.
2 In fact, it is also possible to see this requirement purely from within the CFT. In particular, turning on overlapping sources in the CFT introduces 2 In the special case of pure gravity this argument does not apply, as the interaction strength is governed by the bulk stress tensor, which redshifts to zero near the boundary, while the norm of the graviton field remains constant (like a scalar with ∆ = d) [16] . However, as soon as there are other interacting scalars present, such as in the consistent truncation of IIB to AdS 5 , near-boundary interactions again become problematic.
divergences, which we should avoid in order to have well-defined, finite correlators. If we consider working at finite but large AdS radius R, these wavepackets will have a finite angular width δθ, meaning that there is a maximum bulk particle number that can be achieved with this construction, since there is a maximum number N max of non-overlapping sources that can be placed on the boundary.
A straightforward counting argument lets us determine an upper bound on N max by comparing the boundary volume of a single source V source to the total boundary volume,
The problem of determining N max now reduces to determining the boundary spatial volume occupied by a single source. If we take the sources to be spherically symmetric, as in [14] , V source is given by the volume of a hyperspherical cap of polar angular width δθ. Thus, we find
where I x (a, b) is the regularized incomplete beta function. Taking the flat-space limit of large AdS radius R at fixed scattering energy ω is equivalent to considering the case δθ ≪ 1, in which case we find
Comparing this to the covariant entropy bound [7] S
we find that the bound derived from the dual field theory differs by a factor of ω d−1
(the bounds coincide for energies of order the Planck scale). Such a difference may be accounted for by the fact that N max must be much less than (ωR) d−1 ; however, this is unlcear from the present analysis. This factor of ω d−1 is particular puzzling when considering the high energy limit ω ≫ 1 ℓp . In this limit, the upper bound on N max diverges. While this does not directly imply that it is possible to excite an infinite number of high energy modes in a single AdS volume, our argument bounding the number of states no longer holds and some additional argument must come into play if our usual gravitational intuition is to remain valid. This is in direct contrast to usual holographic bounds. In particular, for asymptotically high energies, we ought to expect the generic multi-particle state to form a black hole.
If we are to recover the usual holographic behavior, some additional argument must come into play. One such restriction on the number of states in a single AdS region may come from considering the unusual power-law tails associated with boundary-compact wavepackets [14] [15] [16] . In particular, since boundary-compact states are not as well-localized in the bulk as the usual "regular" wavepackets considered in flat-space scattering, enough of the norm of the state may be outside the region of size R to evade arguments about black-hole formation, or at a minimum arguments about the formation of a black hole within a single region of size R.
It is also interesting to consider the particular case where we take the scaling limit (2.2). In such a limit, the holographic bound (3.3) coming from the conformal field theory reduces to
Such a scaling limit seems to severely limit the number of states accessible within the approximately flat region relative to the bound 3.3. However, again, the puzzling ω dependence remains unchanged.
The Black Hole S-Matrix
We can gain further insight into the holographic bound (3.3) by considering the time reversed situation-rather than creating a multi-particle state in the bulk from insertion of boundary operators, imagine measuring a bulk multi-particle state by "instrumenting" the boundary with operators. The highest entropy localized state in the bulk should correspond to a black hole, which, if allowed to decay, will result in a number of Hawking particles N. If the lifetime of the black hole is short as compared to the AdS time R, the particles should all arrive at the boundary at approximately the same time. Assuming the boundary CFT knows about the flat space S-Matrix, and, in particular, the black hole S-Matrix [22, [24] [25] [26] , we must be able to detect all of these particles in the CFT, and in particular we must find N ≤ N max . The lifetime of a black hole scales as
while the typical number of Hawking quanta emitted by a black hole is given by its entropy
A black hole with a lifetime of order the AdS time 4 can be expected to emit
Hawking quanta.
As we have already noted, it is possible to instrument the boundary of AdS with more high energy detectors than with low energy detectors. Therefore, if we can detect sufficient quanta with low energy detectors, we can certainly detect sufficient quanta with smaller, higher energy detectors. This, in combination with the fact that smaller black holes emit fewer, higher energy Hawking quanta, means that if we can instrument the boundary sufficiently well to detect all Hawking quanta from a black hole with evaporation time scale of order the AdS time, we can certainly detect all Hawking quanta from smaller black holes. For simplicity, we may take the Hawking quanta to all be emitted at approximately the Hawking temperature
For a black hole with a lifetime of order the AdS time, the average energy is
and we can detect at most
quanta of this energy. For R ≫ ℓ p , N max ≫ N the expected number of Hawking quanta, and thus it is possible to detect all Hawking quanta of black holes with lifetimes short as compared to the AdS time.
Conclusions
In summary, we have derived a holographic bound from purely field theoretic considerations in the context of the Gauge/Gravity duality. While there are some limitations to our argument-in particular, the restriction on particle number does not apply in the special case of pure gravity, since it is possible to have overlapping boundary sources without introducing divergences [16] -near-boundary divergences 4 Here we will consider black holes in pure AdS d+1 . It has been argued that small black holes in AdS×M for some compact M are unstable to localization in M , leading to effectively 10/11 dimensional black holes [27, 28] . due to overlapping sources are generic in AdS/CFT, and thus our argument is quite general. More startlingly, in certain scaling regimes which seem to satisfy all requirements from the boundary perspective, it seems possible to localize an arbitrarily large number of high energy states within a single AdS region. Unless effects such as those discussed in [15, 16] rule out such states, this scaling limit seems to contradict our usual notions about entropy bounds and black hole formation. At a very minimum, the boundary construction leads to a severe overcounting of bulk states.
While we have derived the holographic bound by thinking about constructing a multi-particle state using boundary operators, the time-reverse of this picture corresponds to an outgoing state with some maximal number of particles N max . It is this particular version of the bound that places a limit on the size of black holes the S-Matrix captures, as the number of out-going Hawking quanta is expected to be of order
Our holographic bound is consistent with the notion that only states which are shortlived as compared to the AdS time R should be captured by the flat space limit and can be considered as supporting the notion that the flat space graviational S-Matrix can be determined from AdS/CFT. The holographic principle in general, and the AdS/CFT correspondence in particular, seem to point towards giving up locality in order to resolve the black hole information problem. The CFT, which is conjectured to provide an exact dual description of the bulk gravitation theory, manifestly evolves unitarily, and strongly suggests the unitary evolution can be extended to the bulk [29] [30] [31] . Furthermore, the AdS/CFT correspondence can be argued to be inconsistent with the idea of black hole remanants-the density of states of in the CFT on S d × R scales linearly with ω at low energies, which is inconsistent with the large degeneracy of low energy states corresponding to black hole remnants 5 . While the AdS/CFT correspondence is manifestly holographic, the exact nature of the non-locality which leads to the resolution of the black hole information paradox remains unclear. One avenue towards understanding where locality breaks down is to approach saturation of the holographic bound. Much like coherent states, which saturate the uncertainty bound in quantum mechanics, are maximally classical, states which saturate the holographic bound should in some sense be maximally local, and thus provide an excellent arena for exploring the breakdown of locality in quantum gravity. Boundary-compact wavepackets seem to be an excellent candidate for a class of states to use to saturate holographic bounds in AdS/CFT, and while the counting argument we provide seems to allow for oversaturation of the holographic bound, it seems plausible that a more careful treatment of issues such as wavepacket tails should correct for this overcounting.
